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ABSTRACT 

The reduction of ten-dimensional heterotic supergravity with Yang-Mills symmetry 
group K is performed on an arbitrary n-dimensional group manifold G. The reduction 
involves a nonvanishing 3-form flux, and the Lie algebra of G must have traceless struc- 
ture constants to ensure the consistency of the reduction at the level of the action. A 
large class of gauged supergravities in d = 10 — n with (non)compact gaugings is obtained. 
The resulting models describe half-maximal gauged supergravities coupled to (n + dim if) 
vector multiplets. We uncover their hidden SO(n,n + dim if) duality symmetry, and the 
SO(n,n + dim K )/SO(n) x SO(n + dim if) coset structure that governs the couplings of 
the scalar fields. We find that the local gauge symmetry of the (i-dimensional theory is 
K x G x R n . Differences from the existing gauged supergravities are highlighted. The con- 
sistent truncation to pure half-maximal gauged supergravity in any dimension is shown, and 
the obstacle to performing a chiral truncation of the theory in d = 6 dimensions is found. 
Among the results obtained are the complete diagonalisation of the fermionic kinetic terms, 
and other reduction formulae that are applicable to group reductions of supergravities in 
arbitrary dimensions. 
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1 Introduction 



In this paper, we study the group manifold "DeWitt reduction" of ten-dimensional heterotic 
supergravity. More specifically, we study the reduction of the theory on a group manifold 
G of dimension n. The group need not be compact or simple, but the structure constants 
of the underlying Lie algebra must be traceless to ensure consistent reduction at the level 
of the action [1]. 

This work grew out of our attempts to understand the string/M-theory origin of the 
remarkable anomaly-free gauged supergravities that exist in six dimensions [2,3]. Models 
of this type have been increasingly finding applications in cosmology, and in braneworld 
scenarios [4-9]. One of the anomaly- free models, which has E7X EqX U(1)r symmetry, was 
found long ago [10]. More recently anomaly-free models with E7XG2X U(1)r symmetry [11] 
and F4 x Sp(9) x U (1)r symmetry [12] have been found. 

Progress has been made in embedding a minimal sub-sector with U (1)r symmetry and 
no hyperfermions in string/M theory [13]. This result has been generalized to some extent, 
to include a larger set of fields, in [14]. In both of these efforts a key role is played by 
noncompact gaugings in half-maximal supergravities in d = 7 coupled to a number of 
vector multiplets. In particular, an S"0(2,2) gauged theory is reduced on a circle to d = 6 
and then chirally truncated to obtain the desired result. In [13] it was argued that the 
theory in d = 7 can itself be obtained via a consistent reduction of heterotic supergravity 
on a certain 3-manifold #2,2, which is a hyperboloid embedded in R A . In [14], on the other 
hand, certain noncompact gauged theories were directly considered in d = 7, and their 
chiral reduction to d = 6 was obtained. Among these models were an SO(2, 1) gauged half- 
maximal supergravity coupled to a single vector multiplet. Given that gauged supergravities 
are known to result from a DeWitt (or Scherk-Schwarz) reduction on a group manifold, it 
became natural to consider the prospects of obtaining the SO(2, 1) gauged model from the 
group reduction of the heterotic supergravity theory. This has been the prime motivation 
for the results which will be reported in this paper. 

To begin with, we find the full bosonic Lagrangian in d dimensions that results from the 
reduction on the group manifold G. It describes the coupling of half-maximal supergravity 
to (n + dim K) vector multiplets. The reduced theory is invariant under local K x G x R n 
transformations. Here, G is any n-dimensional group based on a Lie algebra with traceless 
structure constants. Such algebras are sometimes referred to as type A, to distinguish them 
from those whose structure constants have a non-vanishing trace, which are referred to as 
type B. It is necessary to work with type A Lie algebras in order to ensure that the group 



2 



reduction is consistent when the ansatz is substituted into the higher-dimensional action, 
as was observed in [1]. By contrast, a type B reduction works consistently only at the level 
of the field equations. Although substitution of the reduction ansatz for a type B algebra 
into the higher-dimensional equations of motion consistently yields equations of motion for 
the lower-dimensional theory, these equations cannot themselves be derived from an action. 
This was discovered first in [15], in the study of homogeneous cosmological models, and was 
more recently utilized in [16] in the group reduction of maximal super gravities. 

A complete list of Lie algebras up to dimension five has been given in [17], although we 
shall use the notation of the list provided in [18]. There are 12 three-dimensional algebras, 
20 four-dimensional algebras and 40 five-dimensional algebras that are not themselves direct 
sums of lower-dimensional algebras. Of these, there are 5, 4 and 19 respectively that are 
isolated type A Lie algebras. In addition, there are 2 examples in dimension four, and 4 
examples in dimension five, that have a non-trivial free parameter, and a further 3 examples 
in dimension five that are two-parameter families of Lie algebras. These algebras with non- 
trivial parameters introduce new arbitrary parameters in the gauged supergravities obtained 
by the group reduction. 

We also perform the group reduction of the supersymmetry transformations, up to cubic 
order in fermions. In doing so, we derive general formulae that can be used in the group 
reductions of a large class of supergravity theories in diverse dimensions. In particular, we 
obtain a complete diagonalisation of all the fermion kinetic terms. This goes beyond what 
has generally been done in the earlier literature. 

Next, we exhibit the hidden SO(n,n + dim.fr) duality symmetry of the d-dimensional 
theory, and the SO(n,n + dimK)/SO(n) x SO(dimK) coset structure that governs the 
couplings of the scalar fields. We do so by first setting the gauge couplings to zero, thereby 
reducing the models to half-maximal supergravity coupled to (n + K) Maxwell multiplets. 
This symmetry structure has already been exhibited in [19] at the level of the bosonic 
action, in the context of toroidal reduction. Here we generalize those results to include 
the supersymmetry transformation rules. We then generalize further by turning on the 
gauge couplings, finding dramatically simplified formulae for the action and supersymmetry 
transformation rules in an arbitrary dimension d. In particular, the potential takes a simple 
and universal form with a transparent group-theoretical structure. Thus, we have embedded 
a large class of gauge theories in heterotic string theory. 

Turning to the issue of the consistent truncation of these theories, we have found that 
(n + K) vector multiplets can always be truncated consistently to yield a pure half- maximal 
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gauged supergravity theory in d = 10— n dimensions, in cases where the n-dimensional gauge 
group is compact, gauging the R symmetry. 

By half-maximal supergravities we mean those with 16 real supersymmetries, and gaug- 
ing refers to the i?-symmetry group. Such supergravities exist in d < 8 and they have been 
constructed directly in a given dimension over the years, and there are scattered results 
on particular group manifold reductions to obtain a small subset of them. Half-maximal 
gauged supergravities in dimensions 3 < d < 8 can be found in [20-32] and there exists some 
results on group manifold reductions that yields a small set of such theories [16,33-36]. 

Finally, we have examined the question that originally motivated our work, namely 
the prospects for obtaining either the 50(2,1) gauged theory of [14], or a direct chiral 
truncation in d = 6 with surviving gauged i?-symmetry. We find that neither the 50(2, 1) 
model nor the i?-symmetry gauged chiral d = 6 model can be obtained from the models 
we have obtained by the group reduction of the heterotic supergravity, even if the group 
manifold G is taken to be 50(2, 1). The obstruction in d = 7 is due to the fact that the 
gauge symmetry of the model we have obtained is K x 50(2, 1) k R 3 , and the truncation of 
two vector multiplets that is needed in order to obtain the 50(2, 1) gauged model of [14] is 
not possible since they are charged under the 50(2, 1) symmetry. The nonexistence of the 
chiral truncation in d = 6 is also closely related to this fact, and it is explained in detail in 
Section 5.2. 

The paper is organized as follows. In the next section, the ten-dimensional heterotic 
supergravity model is presented in our notation and conventions, followed by the group 
reduction ansatz for all the fields. The Scherk-Schwarz formulae are generalized by turning 
on the 3-form flux. In Section 3, the full bosonic Lagrangian and supersymmetry transfor- 
mation rules, up to cubic fermions, are obtained. The hidden symmetries are uncovered in 
Section 4, and the consistent truncations, or possible obstructions to them, are described in 
Section 5. Further comments on our results are collected in the conclusions. An appendix 
contains a table listing of the relevant Lie algebras considered in this paper, of dimensions 
2, 3 and 4. 

2 Ten-Dimensional Heterotic Supergravity 

The Lagrangian, up to quartic fermion terms, is given by [37,38] 



C = 



Cb + C f 



(2.1) 



C B = R*l- ±*d(f>Ad(/) 



- \e^*G AG- ±e a< ^ 2 tr'*F A F 
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e-'Cp = -^ M T MNP D N ^ P -\x^ M D M X-h^ M D M \-^ M T N T M X d<t> 

+\e^ 2 G PQR $ M T [M T p Q R T N] r - ^ M T PQR T M X + ±tr'\T p Q R \) 

-\e^'WF MN {\T p T MN ^p + fXT MN X ) , (2.2) 

where the field strengths are defined as 

G = dB-±u 3Y , ^sy = ti'(FA-±A 3 ) , F = dA + A 2 , D = d+ [A, ] . (2.3) 

Note that the x 2 G type couplings which arise in dimensions D < 10 are absent in ten 
dimensions. In D = 10, we have 

o = -l, (2.4) 

but we shall define it as 

a =—2> (2 ' 5) 
since then the reduction formula we obtain may be used when starting from an arbitrary 
dimension D. We have also used the notation A = A 1 Tp A 2 = AN A, FA = FAA, etc. The 
generators are anti-hermitian, obeying the Lie algebra [Tj,Tj] = f K ijTj, and normalized 
in the fundamental representation as 

f -1 for 50(32) 
tr TjTj = 5u , f3'={ (2.6) 

[ -30 for El, i = 1,2 

We have also defined the normalized trace in the fundamental representation as 

tr' = ^tr. (2.7) 

Note that, both for 50(32) as well as E 8 , we have tr' T/Tj = S u . 

The supersymmetry transformations, up to terms cubic in fermion, are: 

be a M = \eV a ^ M 

5(f) = -\ex 

5B M n = e~^ /2 {eT [M i; N] + § ITmnx) ~ tr'A [M SA N] 

SA M = i e -^ /4 er M A 

Hu = D M e + ge^l 2 {T M T p Q R -m p M T^ R )Gp QR e 

5 X = -\T M d M ^ + ±e^ 2 T MNP G MNP e 

SX = -y^r MN F MN e (2.8) 



For completeness, we also record the Green-Schwarz anomaly counterterm and the modified 
Bianchi identities. The former can be read of from the anomaly polynomial [39] 

where 

X A = tiF 2 - tiR 2 , 

X 8 = trF 4 - ±trF 2 tri? 2 + ^(trR 2 ) 2 + |tri? 4 , (2.10) 

for SO (32) and 

X 4 = ^gtrFj 2 + ^trF 2 2 - tri? 2 , 

^8 = 3^50 [(trF 2 ) 2 + (trF 2 ) 2 - trF 2 trF 2 ] 

-230 [ tri? i 2 + tri? 2 2 ] tri? 2 + ^(tri? 2 ) 2 + ±tri? 4 , (2.11) 

for E% x Eg. We use the notation: R = \dx M dx N Rm N ab (^T a b) with the anti-hermitian 
generators T* = 5 c J d h - 5 d J c b . 

The anomalies can be read off from f2i2 via the descent equations, and they are cancelled 
by adding the Green-Schwarz counterterm 

Cgs = 48 xW) 6 {BX8 + 2 " XlX ° 7) ' (2 ' 12) 

where X® and X® are defined by X4 = dX® and Xg = dXj, respectively, together with a 
modification the 3-form field strength in which the Lorentz Chern-Simons term is added: 

G G + uj 3L . (2.13) 

In what follows, we shall not reduce the Green-Schwarz counterterm to lower dimensions, 
since the reduced theories we shall obtain will not have any perturbative anomalies, owing 
to the fact that they are either in odd dimensions, where there are no chiral fermions, or 
else in even dimensions but always vector-like. Should any chiral truncation be possible 
in an even lower dimension, the anomaly counterterms might play a role and they would 
have to be considered. Reduction of the anomaly counterterms would also make sense if all 
the Kaluza-Klein modes were to be kept, which amounts to re-writing the original theory 
in the lower-dimensional language. As for the Lorentz Chern-Simons modifications of the 
transformation rules, we shall not reduce them either, since they represent a' corrections 
to the self-contained lowest-order heterotic supergravity. 
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2.1 The reduction ansatz 

In this section we shall use to a large extent the notation and some of the results of [40]. 
The Metric: 

We begin with the reduction ansatz for the metric: 

ds 2 = e 2a ^ ds 2 + e 2 ^ Kp u a v$ , (2.14) 

where 

u a =a a -A a . (2.15) 

Here ds 2 is the metric in d dimensions, A a are the Yang- Mills potentials for the gauge group 
G, and h a p is a unimodular symmetric matrix parameterising the scalar degrees of freedom. 
The group manifold is n-dimensional, and thus we have 

D = d + n. (2.16) 

The Yang-Mills field strengths are given by 

F a = dA a + \f a M A p f\A"< , (2.17) 

and the constants a and (3 are chosen to be 

These choices ensure that the reduction of the Einstein-Hilbert action from D dimensions 
yields a pure Einstein-Hilbert term, and that (p has a canonically-normalised kinetic term, 
in d dimensions. 

We shall choose the vielbein basis to be 

e a = e a f , e a , e 1 = eP* V a u a , (2.19) 

where 

Kp = U a Ly (2.20) 
Noting that de A = —Q A b A e B with ujab = ~^BA, one finds [1] 

Z ab = co ab + a e-** (d b ip Vac - d a <p %c ) e c + \e^~ 2 ^ * F* b ? , 

-e-^P aij & -Pe-^d^? + \e^- 2a ^Fi b e h , (2.21) 



ai. 



e-^Qaij^ + ^e-^C^e" , (2.22) 
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where F i = F a U a and 

Cfc, ij = {j^ak L'J + L a j Lj, — L a i Lj Lj^J f a f3^ ■ (2.23) 
Using these formulae, one finds 

f Ril = - ! cTye^...^ A-A^ / R [d) *1 

= / d n y fai ..,/ ftl A • • • A a a " I R {d) *1 
n\ J G JM d ( ' 

= vol(G) / fl (d) *1 , (2.24) 

where vol(G) is the volume of the group manifold, and 

R {7) *1 = I*dp Adcp- *Pij APy - ie 2(/3 ~ a)v /i a/3 A^ 

_ 1 e 2(a-/^ ( ^ ^5 ^ f a^ f /3 ga + 2 ^ /7<5q f 8^ + j (2 25) 

Here, we have used the notation: 

-faij = L^DaLj^u , Q a jj = D a Lj] a , (2.26) 

where is the inverse of L l a , and our symmetrizations and antisymmetrizations are always 
with unit strength. It is important to note that no raising or lowering of the group indices has 
been performed in obtaining (2.25), and so this expression is valid for all the type A groups 
under consideration, even in cases where the Cartan-Killing metric may be degenerate. 

The Yang-Mills Fields: 

Next, we consider the ansatz for the Yang-Mills fields: 

A 1 = A 1 + 4>i u a . (2.27) 
Defining the lower-dimensional components as 

F 1 = (F 1 - F a ^ a ) + Pi A v a + \F^ v a A v p , (2.28) 

one finds that 

PL = DcPi, 

Fip = fjK^p-Pap^, (2.29) 



8 



where 

F 1 = dA 1 + \f JK A J A A K , (2.30) 
D<pi = d^ + P^^ + fjK^^. (2.31) 

As the ten-dimensional theory involves Yang-Mills Chern-Simons forms, it is also useful to 
consider their dimensional reduction. We define the terms in the lower dimension by setting 

Q 3Y = F 1 AA 1 -1/ukA 1 AA J AA K , 

= + W(2)a "° + 3 w (i)a/9 v a Av$ -\- \u> {Q)afh v a A ^ A u< . (2.32) 

From (2.27) and (2.28) it then follows that 
<4y = ^sy-^aA 1 , 



(2)a 



(V - 4>i - Pi A A 1 - \JukA 1 a a j ^ , 

= 2Pf a <^+F^A I -f IJK A I <f>i<^ , 
^ ( o)a/3 7 = SF^-frjK^^. (2.33) 



r/te 2- Form Potential: 

Next, we consider the 2-form potential, for which the reduction ansatz will be 

B = muj {2) + B + B a Av a + \B af3 v a A u 13 . (2.34) 

Here we have introduced w (2 ) , defined by the requirement that 

dw m = /A(7%(T 7 . (2.35) 

The lowering of the index on the structure constants of the group G is performed using the 
Cartan-Killing metric r] a p: 

fa/3j = V-yS fafi , Va/3 = ~\ P 8a fj/3 ■ (2.36) 

This is well-defined even for non-semisimple Lie algebras where r) a p may be degenerate, or 
even vanishing. Since we wish to cover these cases as well, the group indices will never be 
raised with the inverse metric r/ a/3 , since this may not exist. We define lower-dimensional 
field strengths by writing 

dB = G<® + G^ A u a + \G { °1 A v a A v$ + \G ( ^ u a A v p A ^ . (2.37) 
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It follows that [40] 

= dB + B a Aj^ + \mf aPl A a AA P A A 1 

C&°> = DB a + B a(S T$ + \m f afh A? A A~< , 

G% = DB afS + f' a(S B y + mf jal3 A^ , 

G % = -3B 5[a f S M +mf a ^ , (2.38) 

where DB a = dB a + p a pAPB~ r Note that for n = 3, the first term on the right hand side 
of G(o) a/ 3 7 vanishes. Expanding G( 3 ), 

G (3 ) = G (3) + G (2)a Av a + \G {1)aP A/A/ + \G {0)aPl v a A J A ^ , (2.39) 

where the subscripts denote the form degree, we find 



G( 3 ) 




1, / 


G(2)a 


= g(°)- 




G(l) a j3 








r (0) 


" 5^(0)a/3 7 



(2.40) 

where the G^ ^ are given in (2.38) and the Chern-Simons terms in (2.33). 
These results suggest that one make the field redefinition 

C a = B a + \A^i . (2.41) 

This is also motivated, as we shall see below, by the fact that C a is invariant under the 
gauge transformations of the Yang-Mills group K, while B a is not. With this redefinition, 
the results (2.40) take the form: 

G (3) = dB 2 -\^ Y + C a AT a + \mf aPl A a A p A\ (2.42) 

G(2)a = DCa + CapJ* - F 1 <p f a + ^mf^A 13 A A\ (2.43) 

G (1)a/3 = DB^ + P^-P[j^+mf afh A' 1 , (2.44) 

GVr = 3f 5 [a/3 C\ ]s - fuK^i^j + mf al3j , (2.45) 

where we have defined 

C a p = B a(3 + . (2.46) 

The resulting Bianchi identities are 

dG (3) = G a AT a -\ {T a <\> a - F 1 ) (T^l - F 7 ) , (2.47) 
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DG (2)a = G aP A & + Pi A (><^ - F 1 ) , (2.48) 
DG Wa p = G afSi r< + P a / APj 

+/ 7 a/3 (G (2)7 + F 7 7 ) + - F*) • (2.49) 

Finally, we note that the gauge transformation of the 2-form potential, 

SB = ^A'dA 1 , (2.50) 
implies the following A/ gauge transformations in seven dimensions: 

5B = \A T A dA 1 , 5C a = , 5B af3 = . (2.51) 

3 The Model in d Dimensions 

3.1 The bosonic Lagrangian 

The reduction of the kinetic term for the 2-form potential yields the result [1,40] 

£ 3 = -ie-(^) *G (3) A G (3) - ie-*" 2 ^)^ *G (2)a A Gf 2) 

-le-(^) *G (1)a/3 A - ^(^ (WJ G^ , (3.1) 

and the reduction of the Yang-Kinetic term gives 

C 2 = -i e -(*+V)/2 * (F' - F a A (V - F' 3 - i e -(*^)/ 2 *Pj A 

It is important to note that any raising of the group manifold indices from their original 
positions is performed with h alS , which is the always well-defined inverse of the unimodular 
scalar matrix h a p. Thus, for example, 

F Iaf3 = h ay h f38 p I g _ (33) 

Both the results given above are up to the group manifold volume factor. In order to 
identify the factor multiplying the 3-form kinetic term as the dilaton of the reduced theory, 
and to have canonically- normalized scalar kinetic terms, we need to define the scalar fields 
in d dimensions as 

<p = a~ 1 (d(j) - Aaip) , a = a^ 1 (d ip + 4a <p) , (3.4) 
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with 

«* = ^. (3.5) 

These imply 

<p = a^ 1 (a a — 4a <fi) , <f> = a" 1 (a (f) + 4a a) . (3-6) 

With these definitions at hand, the sum of £3, £2, the Einstein-Hilbert term and the kinetic 
terms for <j) produces the total d-dimensional bosonic Lagrangian 

C B = R*l-±*d<t>Ad(f>-±e a4 '*G ( : i) AG (3) 

-\*do Ada- *P ij A P ij - \ *P U A P U - \*G% A G% 

_ l e ^/2 A p _ l e ^/2 ^ Qi^ A G ^ 

_ i e ^/2 * ( F i _ jr<* ^ A (V - J$ (f) 1 ^ -V*l, (3.7) 
where the potential V for the scalar fields is given by 
V = le-^' 2 [F 1 ^ + \G l]k G 1 ^ 

+ 1 e -(a<t> + b*)/2 ^ hl S hP a f a^ fPgff + 2h aP p ^ f S^ Q g) 

Note that we have made the definitions 

r = T a Uj°l\ Fl j = F*pL?LPe- b °/ 2 , 

G( 2 )i = G( 2 )a Lf e bfT//4 , G^ij = G(i)a/3 LfL 1 ^ e ba l 2 

G ijk = G a ^LfL?L]e- 3b °/\ P u = P a L m e ^/ 4 , (3.9) 



where 



(3.10) 



The raising and lowering of the indices i, j, .. = 1, n and I = 1, dim K are performed 
with the Kronecker deltas 5ij and 5jj. 

It is also useful to write the potential as the sum of squares of the functions that appear 
in the supersymmetry transformation rules. The result is: 

V = ~h - 3e- b ^ A C {i . jk] ) 2 + I ((G ijk - e- b ^ A Ci. jk ) * + \ (F^) 2 . (3.11) 
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3.2 The supersymmetry transformation rules 

The group reduction of supersymmetry transformations were first studied in detail in [41] 
in the context of SU(2) reduction of the eleven dimensional supergravity. We refer to 
that work for some details, such as the compensating gauge transformations that play a 
significant role. Here we shall simply give our results. One improvement is that not only 
are our results valid for the group reduction of supergravities in arbitrary dimensions, but 
we also settle fully the problem of diagonalisation of all the fermionic kinetic terms. In [41] 
and many other works that followed, typically only a partial diagonalisation of the gravitino 
kinetic term was performed. 

In order to obtain the supersymmetry transformation rules for the vielbein and dilaton, 
and the kinetic terms for all the fermions in canonical diagonalized form, we find that we 
need to define the ci-dimensional fermions and supersymmetry parameters as follows: 

& = e^/ 2 (^ + |ra) , 
x = ^(-fx + frv.) , 

A = e a(t>/2 \, 

e = e - a ^ 2 e. (3.12) 
The inverse relations are also useful: 

V>a = e-^/ 2 (>a - |« 2 T a Y% - ^naa 2 T aX ) , 

k = e" a ^ 2 ^ - |d 2 r 4 p^ + £r iX ) , 

X = e-^/ 2 (-fx + |r>,) . (3.13) 

Note that and P are both 32 x 32 and have the symmetry properties inherited from 
the Pmatrices in D = 10. In particular they obey the Clifford algebra {1^,1^} = 2r]^ u , 
{Ti,Tj} = 2Sij, and {1^,1^} = 0. It is convenient to work with these matrices to exploit 
the familiar properties they inherit from D = 10 inheritance, and also to avoid clutter in 
notation. If desired, it is an easy matter to express T M and P as direct product of suitable 
T matrices of the Clifford algebras in d and n dimensions. 

With the above definitions of the fermionic fields in d dimensions, their kinetic La- 
grangian is completely diagonalized and takes the form 

C = -^T^PD^p - \x^D^x ~ kVD^i - IVT^D^X 1 . (3.14) 
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Next, we compute the super symmetry transformation rules. A straightforward calculation 



yields for the bosons 

5e« = ±eT a Vv, (3.15) 

S<f> = \e X , (3.16) 

SB^ = e-^/ 2 (er^-feVx)- 2SA^C v]a -A^SA^, (3.17) 

VJA% = e-^ +bCT )/ 4 (-ier%-|er^x-ier^) , (3.18) 

LfSC^ = e^~ a ^ A {-\eTi% - f eT^T iX + ±eT^i) 

+Lf (-MgC Q/3 + <5Aj^) , (3.19) 

5A^ = le-^eT^ + SAWi, (3.20) 

5a = -|eTVi, 

LfLj5B a p = e^eT^-^jLj, (3.21) 

Lf8L a j = leT^-^.erVfc, (3-22) 

Lf<5<^ = ie^eTiA 7 , (3.23) 



where = ^Lf. Our results for the supersymmetry transformations of the fermionic 
fields are: 

= + m e ^ /2 (« 2 r M r^ - i2^r^) g^ e 

+ ^ e a ^ 4 (a 2 r M r^ - 16^) (^ + G^) P e 

~m e ~ am ~ 3e "' a/4 C k , i3 ) T^ k e , (3.24) 

<5 X = ir^e+fJe^/ 2 r^G^ p e+^e^/ 4 (^ + G^)r^re 

-i e- a ^ 4 (G Wj - Se"^ 4 G Mj ) V* e , (3.25) 

fyi = §6 TiT^a e + \ (G^- - 2P^) rT J e - § e a */ 4 (^ - G^) e 

- 1 e^ 4 (G^ fe - e"^ 4 Q Jfc ) F fc e , (3.26) 

j A J = -\e a ^ [r^(F^-^^)+2r^rp^ + r^] e , (3.27) 
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where we have used the value a = — 1, and the modified covariant derivative is given by 

V^e = d^e + \u„ ah T ab e+\ (Q^ - \G^) T*e . (3.28) 
In particular, the minimal coupling of gauge fields in this covariant derivative is given by 



Ve = d^e + \ f afj Lf [( 5 L 7j + rah] %(5 ) A?-g L?B^ 



T*J e + . . . 



(3.29) 



Note also that the sum (J 7 + G (2) ) arises in the transformation rules of the graviton 
multiplet, and as such these are the graviphotons, while the combination (J 7 — G (2) ) occurs 
in the matter sector. 



4 The Hidden Duality Symmetries 
4.1 The Bosonic Lagrangian 

The group reduction described above gives rise to half-maximal (i.e. 16 supersymmetries) 
gauged supergravities coupled to n vector multiplets in d = (10 — dim G) dimensions, where 
n = dim G. The scalar fields described by the internal metric h a /3 parametrize the coset 
SL(n, R)/ SO(n). The global SL(n, R) symmetry is manifest in the absence of gauging, but 
it breaks down to G C SL(n, R) upon gauging. Taking into account the scalars (B a p, a, (f)^) 
as well, one expects that together with h a p they should parameterize the enlarged coset 
SO(n,n + dimK)/SO(n) x SO(n + dimK). Indeed, setting the gauge coupling constants 
to zero, the kinetic terms for the vector fields take the form [19] 



l e -a<£/2 



(4.1) 



where 



The matrix M is given by 



/ dA a \ 

dB a 
V dA 1 ) 



W T = M . 



(4.2) 





(g + , 


f4> + c T G- 1 c 


C T G- 1 


-(l + C^G- 1 )^ 


M = 


G^C 


G- 1 






K - 


i>{l + G- l C) 


-cpG- 1 


i + 4>G- 1 4> T 



where G a p = L l a L\ with the definition L l a = e bCT//4 L^, and 



(4.3) 
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( z 


C T L T ~ l 


-<P T \ 


V = 





IT-1 







[° 


-<f>L T ~ 1 


1 / 



(4.4) 



The inverse of this coset representative is given by 





f t- 1 


L _1 C 









L T 







I 





1 



(4.5) 



The matrix M leaves invariant the metric 

/ 

V = 



■1 o\ 



(4.6) 



-10 

\ o 01/ 

i.e. Mi]M T = ij, and therefore it forms the fundamental representation of SO(n, n + dim K). 
It also follows that V -1 = r}V T r\. The Lagrangian (4.1) is clearly invariant under a global 
SO(n,n + dimK). Turning on the gauge couplings break this symmetry symmetry down 
to K x G x R n . 

The bosonic Lagrangian for the scalars (a, L l a , B a/ 3) can be written as a sigma model 
on the coset SO(n,n + dimK)/S'0(n) x S'O(dimK). To this end we define the symmetric 
Maurer-Cartan form, 







l r •• 


i pu 


V = \ (V~ l dV + (V' l dV) T ) = 




-pji - 


1 pil 




1 _lpH 
\ 2 r ix 


i pu 






(4.7) 



/ 



With the aid of this formula, and recalling (4.1), the full bosonic Lagrangian for abelian 
gauge fields with no gauging can be put into the remarkably simple form 

L B = R*l- i*#A# - \e a(t >*G (z) A G (3) - \ti*V A V - ±e~ a ^ 2 *{V T Q) T A V T Q , (4.8) 



where 



G 



(3) 



(4.9) 



with the underlined Greek indices understood to be contracted by the Cartan-Killing metric 
given in (4.6). 
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4.2 The Supersymmetry Transformation Rules 



The SO(n, n + dim K) symmetry can be made manifest in the supersymmetry transforma- 
tion rules as well. To begin with, we combine the vector fields and fermionic fields as 



67 



\ 4 J 



1 X 1 



(4.10) 



Furthermore, we define 

v = (K,K) , 

where 



l,...,n, r = 1, (n + dim.fr) , 



V % = V 

y rv y 1 



+i 



V 



v ±i J_ n v u , V 2i\ 

v a_ ^2 \ a ' v a_) 



(4.11) 



(4.12) 



Here, V* 4 and V^ 1 represent the two n by (2n + dim K) blocks in the matrix V given in 
(4.4). Explicitly, we have 











(K,K) = 















1 / 



(4.13) 



which has the inverse 





/ 


1 f-i 


*< £ - 


■C + L T ) 




\ 




1 f-1 




-'C + L T ) 






I 








1 


/ 



(4.14) 



These definitions are needed in order to ensure that the combinations (A^ + B^), repre- 
senting the graviphotons, and (A^ — B^), which are the external vector fields, transform 
appropriately in relation to the fermions of the supergravity and vector multiplets respec- 
tively. Denoting the coset representative defined above by Vdi ag and its inverse by V^ g , 
they satisfy the relation V d J g = r/ diag V^ ag 77 where 

f-1 \ 

%iag = 10, (4.15) 

V 1) 

Armed with these definitions, we can now show that the supersymmetry transformations 
of all the bosonic fields simplify dramatically, and they can be written in a manifestly 
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SO(n, n + dimK) covariant way, as follows: 

Se% = ier> M , (4.16) 

H = fa, (4.17) 

SB^ = e-^/^eT^-fer^x)-^^, (4-18) 

SB* = -^e-^/ 4 (e-rV M + | e T^r X )Vf +^e-^/ 4 e^V r ^, (4.19) 

(V-^V) ir = -leT^r- (4-20) 



In the last equation, bearing in mind (4.7) and (4.12), it is understood that (V 1 SV) i j = 
-\ {(L- l 5L) tj + \8a&) - ^L^SBL- 1 )^ and that (V" 1 ^ = — \{L~ 1 84> T )u- 

The supersymmetry transformations of the fermionic fields also simplify considerably in 
a manifestly duality-symmetric form as follows: 

8% = 2V + i e°*/ 2 (a 2 r M r^ - 12,5^^) e 

+ ^ e^' A (a 2 r M r"" - ie^r") ^r, e , (4.21) 

5x = |r^e+ge^/ 2 r^G^ p e+|e^/ 4 ^r^re, (4.22) 

^ r = p; r r^re-ie^ /4 ^r^e, (4.23) 

where Q % = £7— V l a and 5 r = V„ . The covariant derivative of the supersymmetry param- 
eter reads 

?V = V + H° 6 r ab e + 1 Qw r«e , (4.24) 
with the S'0(n)-valued composite connection given by Q^j = V^d^Vjy Here we have used 
the definitions given in (4.12). 

4.3 The nonabelian model 

The hidden SO(n, n + dim. K)/ SO (n) x SO(n + dim.fr) coset structure can be maintained 
in the gauged model with nonabelian gauge symmetry as well. To show this, we begin with 
the observation that the nonabelian field strength 

g^ = dB a + y^ §1 BP-ABl, a = a,a',I, (4.25) 

produces the three field strengths (2.17), (2.30) and (2.43) with the only nonvanishing 
structure constants given by 

/ Q /37 = / a /3 7 , f a p 1 = m fap-f , f a py = -f a yp = - f 1 ' p a , f 1 jk = f JK , (4.26) 



18 



These define the semi-direct-product group K x G x R n , and we have the associated field 
strengths 

( T a \ 



G 



(2)Q 



(4.27) 



V - ^ / 

With these identifications, we find that the field strength G (3 ) defined in (2.42) can also be 
written in a manifestly K x G x i? n invariant form as 



G (3) = d5 2 - i A Ba — y*fr A Bl A B„) , 



(4.28) 



where £>q = B^-rjap- Next, we turn to the supersymmetry transformation rules. 

The supersymmetry transformations of the bosonic fields will be as given in (4.16) - 
(4.20), while those of the fermionic fields will now take the form 



8% = V lx e+^ e a<t> ' 2 (a 2 r M r^ CT - 12^) G vpa e 



(4.29) 



\T»d^ e + §J e a ^ 2 T^G^ P e + f ^Sj^P e - ^T ijk T^ k e , (4.30) 
V^re - \ e ^l% v T^e - ^T^e , (4.31) 



where the covariant derivative D^e is defined as in (4.24), with the composite connection 
now given by Qij = V^D^Vjj, involving the K x G x R n covariant derivative. 

Finally, we find that the bosonic action can also be written in a manifestly K x G x R n 
invariant form as 



C B = R*l- ±*d<f> A d(/> - ie a **G (3) AG (3) - ^tr*P AV 
_ i e -^/2 *(V T G) T A V T G - \T ijk T^ k + T ijr T^ r , 



where 



and the T-tensors are just the boosted structure constants, defined by 

Tijk = f-pj Vai Vj Vl , Tij r = f-py Var Vj VjjT . 



(4.32) 



(4.33) 



(4.34) 



The sigma model kinetic term involves V^, which takes the same form as in (4.7) but with 
covariantized field strengths. 



19 



5 The Structure and Consistent Truncations 



The results we obtained above have the same overall structure as in the couplings of half- 
maximal d-dimensional supergravities coupled to (n + dim K) vector multiplets. However, 
while in a typical gauged supergravity theory it is usually assumed that the gauge group is 
semisimple, here we have landed on a particular class of theories in which the gauge group 
is K x G x R n , where K is semisimple but G is a completely arbitrary group of dimension 
n < 10 with traceless structure constants. The semi-direct structure brings in restrictions 
on the consistent truncations of the vector multiplets, as we shall see in the next section. 
In particular, looking at a case of particular interest, namely the d = 7 theory with gauge 
symmetry SO(2, 1) k i? 3 (with the gauge fields of group K set to zero), we find that the two 
vector fields that need to be truncated away in order to obtain the standard SO(2, 1) gauged 
model of [14] do not actually truncate consistently. This is due to the fact that the six vector 
fields in the theory split into a triplet in the adjoint representation of SO(2,l), with the 
remaining (external) triplet of vector fields transforming nontrivially under SO(2, 1). 

On the other hand, a consistent truncation of the external n + dim K) vector multiplets 
in which n vector multiplets that gauge the compact i?-symmetry group always exists, as 
we shall see below. We shall first describe this successful truncation, and after that, show 
explicitly the obstacles one faces in attempting to truncate the theory in d = 6 to a gauged 
chiral supergravity. This is closely related to the consistent truncation problem mentioned 
above. Indeed, had the standard SO(2, 1) gauged theory in d = 7 resulted from our model, 
it is known [14] that it could then by reduction and truncation produce a chiral gauged 
supergravity in six dimensions. 

5.1 The truncation of the external vector multiplets 

In d dimensions, the model we have obtained describes the gauged coupling of half-maximal 
supergravity, 

(g^, B^, 0, Al + B^, W X) , (5.1) 

with 8(d — 2)b + 8(d — 2)p degrees of freedom, coupled to n + dim G vector multiplets with 
field content 

(4 - Sj, h af3 , B af3 , a, ^) , (4, X 1 , <&) , (5.2) 

and with 8(n + dim G)b + 8(n + dim G) p degrees of freedom. All the vector multiplets can 
be consistently decoupled, to leave a gauged half-maximal supergravity with gauge group 
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G. To see this, we set 

Kp = h%, 4-B*=0, 4 = 0, 

a = 0, B a p = 0, <fi = o, 

i>i = , A J = , (5.3) 

where is a constant unimodular 4x4 matrix. With this ansatz, the super symmetry 
transformation rules consistently truncate, provided that 

^-G^ = 0, G ijk -C ktij = 0, G^ij = , P TO = 0,a = 0. (5.4) 

The first and second conditions independently give the relation 

m^s fa/3 + 9 (2/V ^ - /$) = , (5.5) 

while the third and fourth conditions, respectively, give the relations 

f a /3 (g h\ 0) s + m^s) = , g f\ (a h^ s = . (5.6) 

All of the above conditions are satisfied by taking 

h % = Vap = S a p, g = -m. (5.7) 

Finally, it is important to ensure that all field equations for the fields that we have eliminated 
are also satisfied, since not all of them may follow from the integrability conditions of the 
local supersymmetry transformations. We have checked that indeed all the required field 
equations are satisfied by the solution (5.7). Thus, the resulting supergravity is indeed 
gauged half-maximal supergravity with 8(d — 2)b + 8(d — 2)p degrees of freedom, with a 
type A gauge group G associated with the gauge fields (A 1 + B l ). 

5.2 The nonexistence of chiral truncation in d = 6 

At first sight, the most general chiral truncation would require setting 

VV_ = 0, X+ = 0, (5.8) 

leaving us with the N = (1,0) supergravity and tensor multiplet, which contains the fields 
(SV, B^ u , (p, Wh X-)) the vector multiplets (A\ - B^, and (A 1 ^, A+), and the 

hypermultiplets (h a p, B a p, a, tpi-) and ((j)^, \L)- However, this approach immediately 
runs into trouble, as can be seen by examining the Si/i^- = condition, since this gives 

+ gU = > G ^ ~ 3e ~ ba/4 c iK,ij] = • ( 5 - 9 ) 
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These equations place constraints on the fields of the vector and hypermultiplets listed 
above. The second condition, for example, imposes a nonlinear algebraic constraint on the 
scalar fields (a, h aj 3, 4>a)i an d it is not clear at all if this can be satisfied with any surviving 
hypermultiplet. This condition alone motivates us to eliminate all the hypermultiplets. 
Thus, in particular setting a = 0, h a p = with constant h^, and ipi- = 0, we find from 
the requirement Sipi- = that 

Pm=0, G^ = 0. (5.10) 

These constraints, and the second one in (5.9) respectively, give the conditions 

9f\(ah$ s = 0, (5.11) 

f^(gh^+m VlS ) =0, (5.12) 

m 7]a8 fa? ~ 3 5 f 5 [a /3 = . (5.13) 

Recalling the requirement of i?-symmetry gauging, by which the minimal coupling in (3.29) 
must be nonvanishing, we find that the first equation above can only be satisfied for 
SU{2) x J7(l), in which case the remaining two equations clearly cannot be satisfied. Thus, 
we conclude that the model obtained by group manifold reduction cannot be consistently 
truncated to yield a gauged chiral N = (1,0) supergravity in d = 6. 

6 Conclusions 

The heterotic supergravity with gauge symmetry K reduced on a group manifold G of 
dimension n gives rise to a large class of gauge supergravities in d = (10 — n) dimensions 
that describe the coupling of (n + dim K) vector multiplets. The reduction involves a 
nonvanishing 3-form flux, and the Lie algebra of G must have traceless structure constants 
in order to ensure the consistency of the reduction at the level of the action. The d- 
dimensional theory has K x G x R n gauge symmetry, and its couplings are governed by the 
coset SO(n,n + K) / 'SO(n) x SO(n + K), which is parametrized by all the scalars of the 
theory save the dilaton. The group SO(n, n + K) is a global duality symmetry group that is 
broken down to SO(n) x SO{n+ K) in the presence of gauge couplings. A linear combination 
of the n Kaluza-Klein vectors and n "winding" vectors coming from the 2-form potential 
assembles into the adjoint representation of the group G, while the orthogonal combination 
transforms as matter vectors under this group. These matter vectors and the gauge field 
of group G can be consistently truncated in any dimension, to yield pure half-maximal 
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gauged supergravity with a compact i?-symmetry group. Truncations to yield noncompact 
gaugings do not seem to be possible. 

These results primarily provide an embedding of a large class of half-maximal gauged 
super gravities in heterotic supergravity, and hence in string theory. They also highlight the 
absence of such origins for some noncompact gauged super gravities that are of considerable 
interest in fewer than ten dimensions. 

In this paper we have restricted our attention to Lie algebras with traceless structure 
constants, since these give consistent reductions not only at the level of the field equations, 
but also at the level of the action. The traceless algebras are referred to as type A Lie 
algebras. Reduction on group manifolds based on type B algebras, for which the struc- 
ture constants have non- vanishing traces f a a p / 0, is consistent only at the level of field 
equations. Furthermore, the resulting d-dimensional equations are not derivable from an 
action. It would be useful to perform the reduction for type B algebras as well, which is 
a straightforward matter using the techniques of this paper, in order to see whether our 
conclusions about the further consistent truncations persist. It would also be worthwhile 
to explore the consequences of the free parameters that arise in a number of Lie algebras 
occurring in the group reduction. 
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Name 


Commutator 


Type 




-42,1 


ei2 = e 2 


B 


H>o) 


-43,1 


e 23 = ei 


A 


(0,0,-1) 


A 3)2 


ei 3 = ei, e 23 = ei + e 2 


B 


(0,0,-1) 


-4 3 ,3 


ei3 = ei, e 23 = e 2 


B 


(0,0,-1) 


A 3 ,4 


ei3 = ei, e 23 = -e 2 


A 


(0,0,-1) 


^3,5 


ei3 = ei, e 23 = ae 2 , (0 < a < 1) 


B 


(0,0, -±(1 + a 2 ) 


A 3 , 6 


ei3 = -e 2 ,e 23 = e\ 


A 


(0,0,1) 


Aa 
^3,7 


ei3 = aei - e 2 , e 23 = e\ + ae 2 , (a > 0) 


B 


(0,0,1 - a 2 ) 


A 3 , 8 


ei3 = -2e 2 , ei2 = ei, e 23 = e 3 


A 


{-2,-1,-2} 


-4 3 ,9 


ei3 = e 3 ,e 23 = ei,e 3 i = e 2 


A 


(1,1.1) 


A 4 ,i 


e 2 4 = ei, e 3 4 = e 2 


A 


(0,0,0,0) 


Aa 


e 24 = aei, e 24 = e 2 , e 34 = e 2 + e 3 , (a / 0) 


A(a = -2) 


(0,0,0,-^) 


-44,3 


ei4 = e\, e 3 4 = e 2 


B 


(0,0,0,-i) 


A 4 ,4 


eu = e\, e 2 4 = e\ + e 2 , e 3 4 = e 2 + e 3 


B 


(0,0,0,-f) 


Aab 

4,t> 


ei4 = ei, e 2 4 = ae 2 , e 3 4 = 6e 3 
(aft / 0,-1 < a < b < 1) 


A(a + 6 = -1) 


(0,0,0, a2 +f+!) 


Aab 

f*-A fi 
4,b 


ei4 = aei, e 24 = 6e 2 — e 3 , e 3 4 = e 2 + 6e 3 
(a ^ 0, 6 > 0) 


A(a = -26) 


(0,0,0, 2-« 2 -2& 2 ) 


A 4 ,7 


e 23 = ei, ei4 = 2e 2 , e 23 = e 2 , e 34 = e 2 + e 3 


B 


(0,0,0,-3) 


-44,8 


e 23 = ei, e 24 = e 2 , e 34 = — e 3 


A 


(0,0,0,-1) 


-4 4 q 


e 23 = ei, eu = (1 + 6)e 2 , e 24 = e 2 
e 3 4 = 6e 3 ,(-l < b< 1) 


B 


(0,0,0,-l-6-6 2 ) 


-44,10 


e 23 = ei,e 24 = -e 3 ,e 34 = e 2 


A 


(0,0,0,1) 




e 23 = ei, ei4 = 2ae 2 , e 24 = ae 2 - e 3 
634 = e 2 + ae 3 , (a > 0) 


B 


(0,0,0, 1 -3a 2 ) 


At 5 l2 


ei3 = ei, e 23 = e 2 , ei 4 = -e 2 , e 24 = ei 


B 


(0,0,-1,1) 



Table 1: The complete list of Lie algebras in dimensions up to four that are not direct sums of 
lower dimensional ones. The commutator [ei,e 3 ] is denoted by for short. The last column gives 
the Cartan-Killing metric which is diagonal except for A 3j8 which is minor-diagonal shown by {} 
and represents 5*0(2, 1). 
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